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Abstract
We extend the covariant canonical formalism recently discussed in ref. [1]
to geometric theories coupled to both bosonic and fermionic p-forms. This
allows a covariant hamiltonian treatment of supergravity theories. As exam-
ples we present the covariant hamiltonian formulation for d = 3 anti-De Sitter
supergravity and for the “new minimal” d = 4 , N = 1 supergravity (with
1-form and 2-form auxiliary fields). Form-Poisson brackets and form-Dirac
brackets are defined, and used to find the form-canonical generators of all
gauge symmetries via an algorithmic procedure.
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1
1 Introduction
We have re-examined in ref. [1] the covariant hamiltonian approach proposed long
ago by D’ Adda, Nelson and Regge [2]-[6], and extended it with a new definition of
form-Poisson brackets and form-Dirac brackets consistent with the form-Legendre
transformation that defines momenta and Hamiltonian. In short, the momenta pii
are defined as the derivative of a d-form Lagrangian L with respect to the exterior
derivative dφi of the fundamental p-form fields, and the d-form Hamiltonian is
H = (dφi)pi
i − L.
Here we generalize the covariant hamiltonian framework to include fermions,
and apply it to d = 3 and d = 4 supergravity.
This framework is well suited to translate in hamiltonian language the group-
geometric approach to supergravity developed since the late 70’s, based on free
differential algebras (FDA’s) [7]-[13] (for a recent review see for ex. [14]). A com-
prehensive account on Regge works can be found in the book [15].
Hamiltonian methods are very useful for conceptual and practical reasons, promi-
nent ones being study of the symmetries and quantization. Our treatment being
covariant (no time direction singled out), it simplifies considerably the canonical
analysis and provides a basis for a covariant quantization procedure.
Other covariant Hamiltonian formalisms have been proposed in the literature,
and a very partial list of references on multimomentum and multisymplectic canon-
ical frameworks is given in ref. [1], to which we add the recent paper of [16]. The
essential ideas appeared in papers by De Donder and Weyl more than seventy years
ago [17, 18]. Some of these approaches are quite similar in spirit to the one we dis-
cuss here, but to our knowledge the first proposal of a d-form Hamiltonian, together
with its application to gravity, can be found in ref. [2].
In the present paper a definition of form Poisson brackets and form Dirac brack-
ets for bosonic and fermionic fundamental p-forms is given, and applied to d = 3
and d = 4 supergravity to find all the canonical symmetry generators. The method
allows to discover in a systematic way all the gauge symmetries of a theory reformu-
lated in hamiltonian terms. Geometric theories have also an a priori symmetry by
construction, i.e. diffeomorphism invariance. In d = 3 pure gravity diffeomorphisms
coincide with gauge translations, when we consider the theory in second order for-
malism with vanishing torsion. This is no more true for d = 3 supergravity, and in
higher dimensions. In these cases the transformation rules under diffeomorphisms
can be obtained as usual by acting on the fields (and their momenta) with the Lie
derivative.
In Section 2 we present a short re´sume´ of the covariant hamiltoniam formalism,
based on ref. [1], and apply it in Section 3 to d = 3, N = 1 AdS supergravity and
in Section 4 to d = 4, N = 1 supergravity with the auxiliary fields of the “new
minimal” model. One of the auxiliary fields being a 2-form, this example shows
the versatility of the form-Poisson (and Dirac) brackets to accomodate p-forms in
their definition. Section 5 contains some conclusions, and γ matrix conventions are
summarized in the Appendices.
2
2 A summary of the covariant hamiltonian for-
malism
2.1 Geometric action and Euler-Lagrange equations
Consider the action :
S =
∫
Md
L(φi, dφi) (2.1)
where the Lagrangian L depends on a collection of pi-form fields φi and their exterior
derivatives, and is integrated on a d-dimensional manifold Md.
The variational principle reads
δS =
∫
Md
δφi
→
∂ L
∂φi
+ d(δφi)
→
∂ L
∂(dφi)
= 0 (2.2)
All products are exterior products between forms, satisfying
AB = (−)ab+ηaηbBA (2.3)
with a, b and ηa, ηb the form and fermionic gradings of the forms A and B respec-
tively (η = 0 for bosons and η = 1 for fermions). The symbol
→
∂ L
∂φi
indicates the right
derivative of L with respect to a p-form φi, defined by first bringing φi to the left
in L (taking into account the sign changes due to the gradings) and then canceling
it against the derivative.
The corresponding Euler-Lagrange equations are:
d
→
∂ L
∂(dφi)
− (−)pi
→
∂ L
∂φi
= 0 (2.4)
2.2 Form Hamiltonian
We define the d-form Hamiltonian density as:
H ≡ dφi pii − L (2.5)
where the (d− pi − 1)-form momenta are given by:
pii ≡
→
∂ L
∂(dφi)
(2.6)
The form-analogue of the Hamilton equations reads:
dφi = (−)(d+1)(pi+1)+ηi
→
∂ H
∂pii
, dpii = (−)pi+1
→
∂ H
∂φi
(2.7)
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The first equation is equivalent to the momentum definition, and is obtained by
taking the right derivative of H as given in (2.5) with respect to pii:
→
∂ H
∂pii
=
→
∂ dφj
∂pii
pij + (−)(d−pi−1)(pi+1)+ηi dφi −
→
∂ dφj
∂pii
→
∂ L
∂(dφj)
(2.8)
and then using (2.6), and (d− pi − 1)(pi + 1) = (d+ 1)(pi + 1)(mod 2).
The second is equivalent to the Euler-Lagrange form equations since
→
∂ H
∂φi
=
→
∂ dφj
∂φi
pij −
→
∂ L
∂φi
−
→
∂ dφj
∂φi
→
∂ L
∂(dφj)
= −
→
∂ L
∂φi
(2.9)
because of the momenta definitions (2.6). Then using (2.4) yields the form Hamilton
equation for dpii.
2.3 Form Poisson bracket
The form Hamilton equations allow to express the (on shell) exterior differential of
any p-form F (φi, pi
i) as
dF = dφi
→
∂ F
∂φi
+dpii
→
∂ F
∂pii
= (−)(d+1)(pi+1)+ηi
→
∂ H
∂pii
→
∂ F
∂φi
+(−)pi+1
→
∂ H
∂φi
→
∂ F
∂pii
(2.10)
Using left derivatives this expression simplifies:
dF =
←
∂ H
∂pii
→
∂ F
∂φi
− (−)pid+ηi
←
∂ H
∂φi
→
∂ F
∂pii
(2.11)
Note: left derivatives are defined as “acting on the left” and for example
←
∂H
∂φi
really
means H
←
∂
∂φi
. It is easy to verify1 that the left and right derivatives of an f -form F
with respect to an a-form A satisfy
←
∂ F
∂A
= (−)a(f+1)+ηa(ηf+1)
→
∂ F
∂A
(2.12)
and this relation is used to prove eq. (2.11).
The expression for the differential (2.11) suggests the definition of the form
Poisson bracket (FPB):
{A,B} ≡
←
∂ B
∂pii
→
∂ A
∂φi
− (−)pid+ηi
←
∂ B
∂φi
→
∂ A
∂pii
(2.13)
1suppose that A is contained in F as F = F1AF2. Then
→
∂ F
∂A = (−)af1+ηaηf1F1F2 and
←
∂ F
∂A =
(−)af2+ηaηf2F1F2 so that
←
∂ F
∂A = (−)a(f1+f2)+ηa(ηf1+ηf2 )
→
∂ F
∂A = (−)a(f−a)+ηa(ηf−ηa)
→
∂ F
∂A and (2.12)
follows.
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so that
dF = {F,H} (2.14)
The form Poisson bracket between the a-form A and the b-form B is a (a+b−d+1)-
form, and canonically conjugated forms satisy:
{φi, pij} = δji (2.15)
As observed in ref. [6], there is a convenient notation that encodes both form
and fermionic gradings. Defining the vectors
[φi] ≡ (pi, ηi), [pii] ≡ (d− pi − 1, ηi) (2.16)
where the first components are the form gradings of φi and pi
i, and the second
components are their fermionic gradings, the form Poisson bracket can be rewritten
as:
{A,B} ≡
←
∂ B
∂pii
→
∂ A
∂φi
− (−)[φi]·[pii]
←
∂ B
∂φi
→
∂ A
∂pii
(2.17)
where [φi][pi
i] is the scalar product:
[φi][pi
i] ≡ pi(d− pi − 1) + ηiηi = pid+ ηi (mod 2) (2.18)
Similarly, formula (2.12) can be written as
←
∂ F
∂A
= (−)[a][f+1]
→
∂ F
∂A
(2.19)
with [a] = (a, ηa) and [f + 1] = (f + 1, ηf + 1).
2.4 Properties of the form Poisson bracket
Using the definition (2.13), the following relations for the FPB of (2.17) can be
shown to hold:
{B,A} = −(−)(a+d+1)(b+d+1)+ηaηb{A,B} (2.20)
{A,BC} = B{A,C}+ (−)c(a+d+1)+ηcηa{A,B}C (2.21)
{AB,C} = {A,C}B + (−)a(c+d+1)+ηaηcA{B,C} (2.22)
(−)(a+d+1)(c+d+1)+ηaηc{A, {B,C}}+ cyclic = 0 (2.23)
(−)(a+d+1)(b+d+1)+ηaηb{{B,C}, A}+ cyclic = 0 (2.24)
i.e. graded antisymmetry, derivation property, and form-Jacobi identities. Here too
the signs can be expressed in vector notation, for example:
(−)(a+d+1)(b+d+1)+ηaηb = (−)[a+φi+pii][b+φi+pii] (2.25)
since
[φi + pi
i] = (pi + d− pi − 1, ηi + ηi) = (d+ 1, 0) (mod 2) (2.26)
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2.5 Infinitesimal canonical transformations
We can define the action of infinitesimal form-canonical transformations on any
a-form A as follows:
δA = {A,G} (2.27)
where G = G(φi, pi
i) is a bosonic (d − 1)-form, the generator of the canonical
transformations. Then {A,G} is a a-form like A. The generator G can contain
bosonic or fermionic infinitesimal parameters ε(x) depending only on spacetime, for
example as G = εG′. Then if the parameter ε is bosonic (fermionic), G′ is bosonic
(fermionic), so that G = εG′ is always bosonic. These transformations preserve
the canonical FPB relations (2.15), and therefore we can call them form-canonical
transformations. As in the usual case the proof involves the Jacobi identities applied
to φi, pi
j, G:
{{φi, pij}, G}+ (−)pi(pi+d+1)+ηiηj {{pij, G}, φi}+ {{G, φi}, pij} = 0 (2.28)
Using the graded antisymmetry of the FPB this reduces to:
{φi, {pij, G}}+ {{φi, G}, pij} = {{φi, pij}, G} = 0 (2.29)
since {φi, pij} = δji is a number. Then
{φ′i, pi′j} = {φi + {φi, G}, pij + {pij, G}}
= {φi, pij}+ {φi, {pij, G}}+ {{φi, G}, pij}+O(ε2)
= {φi, pij}+O(ε2) (2.30)
Q.E.D.
2.6 Form-canonical algebras
As discussed in [1], the commutator of two infinitesimal canonical transformations
generated by the (d− 1)-forms G1 and G2 is again an infinitesimal canonical trans-
formation, generated by the (d− 1)-form {G1, G2}. This is due to
{G1, G2} = −{G2, G1} (2.31)
for (d− 1)-form entries, and to the form-Jacobi identity
{{A,G1}, G2} − {{A,G2}, G1} = {A, {G1, G2}} (2.32)
holding for any p-form A. Therefore the form-canonical transformations close an
algebra. This algebra is finite dimensional if all fundamental fields (“positions and
momenta”) are p-forms with p ≥ 1, since there is only a finite number of (d − 1)-
form polynomials made out of the fundamental fields. On the other hand, if there
are fundamental 0-forms, the algebra becomes infinite dimensional because there
are infinitely many (d− 1)-form polynomials.
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2.7 Action invariance and Noether theorem
Consider the action
S =
∫
Md
dφi pi
i −H (2.33)
Its variation under an infinitesimal form-canonical transformation generated by a
(d− 1)-form G is
δS =
∫
Md
d({φi, G})pii + dφi{pii, G} − {H,G} (2.34)
and with a little algebra (see [1]) one finds:
δS =
∫
∂Md
({φi, G}pii −G)−
∫
Md
{H,G} (2.35)
after using the definition of FPBs and
dG = dpii
→
∂ G
∂pii
+ dφi
→
∂ G
∂φi
(2.36)
Thus the action is invariant (up to a boundary term) under the infinitesimal canon-
ical form-transformation generated by G iff
{H,G} = 0 (2.37)
up to a total derivative. This result reproduces Noether’s theorem in form language,
and is identical to the result obtained in [1] for the purely bosonic case (fermionic
signs cancel out).
Suppose now that the d − 1-form generators include infinitesimal parameters
and their exterior derivatives as follows:
G = ε(x)G+ (dε)F (2.38)
where G and F are respectively a g-form and a (g − 1)-form, while the parameters
ε(x) are (d− g − 1)-form external fields depending only on spacetime. Then under
the infinitesimal canonical transformation generated by G the action varies as:
δS =
∫
∂Md
ε({φi, G}pii − (−)g+d+1G) + dε({φi, F}pii − (−)g+dF )
+
∫
Md
dε ((−)g+d+1G− {H,F})− ε{H,G} (2.39)
Thus ε(x)G+ (dε)F is a gauge generator leaving the action invariant iff
(−)g+d+1G− {H,F} = 0, {H,G} = 0 (2.40)
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Note 1: invariance of the action under local symmetries implies hamiltonian con-
straints, as can be seen from the conditions (2.40). In fact part of these constraints
are the primary constraints due to momenta definitions. Equalities valid modulo
constraints are said to be weak equalities, and are wtitten with a ≈ symbol. Thus
both equalities in (2.40) should be written with ≈.
Note 2: the infinitesimal transformation generated by ε(x)G+(dε)F must preserve
the constraints, implying
{constraints,G} ≈ 0, {constraints, F} ≈ 0 (2.41)
Note 3: as observed in [1], the conditions (2.40) and (2.41) generalize to geometric
theories with fundamental bosonic and fermionic p-form fields the conditions for
gauge generators found in [27], and provide the basis for a constructive algorithm
yielding all the gauge generators. This procedure is applied in the next Sections.
Note 4 : F and G must be first-class quantities, i.e. have weakly vanishing FPS’s
with all the constraints, but do not have necessarily to be constraints.
3 Anti de Sitter N = 1 supergravity in d = 3
3.1 Lagrangian and symmetries
We consider here N = 1 AdS supergravity in d = 3 (see [19, 20, 21], ref. [22] for
its derivation as a super Chern-Simons theory, and ref. [23] for its group manifold
construction). The fields φi are the d = 3 vierbein V
a, the spin connection ωab and
the Majorana gravitino ψ. The 3-form Lagrangian is
L(φ, dφ) = RabV cεabc + 2iψ¯Σ +
2
3λ2
V aV bV c − i
2λ
ψ¯γabψV cεabc (3.1)
where the super AdS curvatures are defined as
Ra = dV a − ωab V b −
i
2
ψ¯γaψ (3.2)
Rab = dωab − ωae ωeb −
1
λ2
V aV b +
i
2λ
ψ¯γabψ (3.3)
Σ = dψ − 1
4
ωabγabψ − 1
2λ
V aγaψ (3.4)
and λ is the AdS radius. The supertorsion Ra does not appear in the Lagrangian.
The field equations are simply Ra = Rab = Σ = 0.
The action is invariant under the d = 3 anti-De Sitter supergroup OSp(1|2) ×
Sp(2), with the following gauge transformations on the basic fields:
δV a = Dεa + εabV b + i¯γaψ (3.5)
δωab = Dεab − 2
λ2
V [aεb] − i
λ
¯γabψ (3.6)
δψ = D− 1
2λ
V aγa+
1
4
abγabψ +
1
2λ
εaγaψ (3.7)
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where the gauge parameters εa, εab and  correspond to translations, Lorentz rota-
tions and supersymmetry transformations, respectively. These symmetry variations
will be recovered in the form-canonical treatment that follows.
The action corresponding to (3.1) is also invariant under the transformations:
δV a = δgauge V
a (3.8)
δωab = δgauge ω
ab + 2εcRabcdV
d + θ¯abcV
c − θ¯abcψεc (3.9)
δψ = δgauge ψ + 2ε
aΣabV
b (3.10)
where δgauge refers to the variations in (3.5)-(3.7), the components R
ab
cd and Σab
are defined as
Rab = Rabcd V
cV d, Σ = ΣabV
aV b (3.11)
and
θ¯abc = 2i Σ
[a
c γ
b] − i Σabγc (3.12)
These transformations can be interpreted as superdiffeomorphisms on the super AdS
manifold. They close only on-shell, and in order to promote them to symmetries
that close also off-shell one has to introduce auxiliary fields, see for ex. the review
[14], and ref.s [23, 24].
3.2 Form hamiltonian and constraints
The 1-form momenta conjugated to V a, ωab and ψ¯ are respectively :
pia =
∂L
∂(dV a)
= 0 (3.13)
piab =
∂L
∂(dωab)
= V cεabc (3.14)
pi =
∂L
∂(dψ¯)
= 2iψ (3.15)
All momenta definitions are primary constraints:
Φa ≡ pia = 0, Φab ≡ piab − V cεabc = 0, Φ ≡ pi − 2iψ = 0 (3.16)
since they do not involve the “velocities” dV a, dωab and dψ. The 3-form Hamiltonian
is:
H = dV a pia + dω
ab piab + dψ¯pi − L = (3.17)
= dV a Φa + dω
ab Φab + dψ¯ Φ + ω
a
d ω
db V cεabc +
i
2
ψ¯ ωabγabψ
+
i
λ
ψ¯ V aγaψ +
1
3λ2
V aV bV c (3.18)
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The Hamilton equations of motion for dV a, dωab and dψ are identities, while for
the momenta they read:
dpia =
∂H
∂V a
= −Rbcabc (3.19)
dpiab =
∂H
∂ωab
= 2ωc[aV
db]cd − i
2
ψ¯γabψ (3.20)
dpi = −4i Σ + 2i dψ (3.21)
Requiring the “conservation” of Φa and Φab leads to the conditions:
dΦa = {Φa, H} = −Rbcεabc = 0 (3.22)
dΦab = {Φab, H} = −Rcεabc = 0 (3.23)
dΦ = {Φ, H} = −4i Σ = 0 (3.24)
implying the vanishing of all curvatures: Ra = 0, Rab = 0, Σ = 0. These are the
equations of motion of d = 3 anti-De Sitter supergravity, and completely determine
the “velocities” dV a, dωab and dψ:
dV a = ωab V
b, dωab = ω
a
c ω
cb, dψ =
1
4
ωabγabψ +
1
2λ
V aγaψ (3.25)
Using the form Poisson bracket we find the constraint algebra:
{Φa,Φbc} = −εabc, {Φα,Φβ} = 4i Cαβ (3.26)
all other FPB’s vanishing; Cαβ is the charge conjugation matrix. Thus constraints
are second-class, and this is consistent with the fact that all the “velocities” get
fixed by requiring conservation of the primary constraints. The three constraints
Φab (ab = 12, 13, 23) are equivalent to the three linear combinations Ξ
a = 1
2
abcΦbc,
and we find
{Φa,Ξb} = δba (3.27)
We’ll use the Ξa in the definition of Dirac brackets of next Section. Note that
form-Poisson brackets between bosonic (fermionic) 1-forms are symmetric (anti-
symmetric) in d = 3, and in all odd dimensions, see eq. (2.20). Also, the FPB
betwen constraints yield numbers in d = 3 gravity, and this allows a definition
of form-Dirac brackets (see next Section). A similar definition is not available in
d = 4, since the FPB between constraints yield 1-forms, and the corresponding
FPB matrix has no obvious inverse.
Note: the action variations (2.35) and (2.39) have been deduced assuming that
H depends only on basic fields and momenta. This is not the case in constrained
systems, where some of the velocities remain undetermined, and therefore appear
in the hamiltonian. However they always appear multiplied by primary constraints,
and the variation of these terms always vanishes weakly.
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3.3 Form Dirac brackets
We define form Dirac brackets as follows
{f, g}∗ ≡ {f, g} − {f,Φa}{Ξa, g} − {f,Ξa}{Φa, g} − 1
4i
{f,Φα}{Φα, g} (3.28)
These Dirac brackets vanish strongly if any entry is a constraint Φa, Ξ
a or Φα.
With the help of the general formulas (2.20)-(2.24) with d = 3 we can verify that
the Dirac brackets inherit the same properties of the Poisson brackets, i.e. :
{B,A}∗ = −(−)ab+ηaηb{A,B}∗ (3.29)
{A,BC}∗ = B{A,C}∗ + (−)ca+ηcηa{A,B}∗C (3.30)
{AB,C}∗ = {A,C}∗B + (−)ac+ηaηcA{B,C}∗ (3.31)
(−)ac+ηaηc{A, {B,C}∗}∗ + cyclic = 0 (3.32)
(−)ab+ηaηb{{B,C}∗, A}∗ + cyclic = 0 (3.33)
Using Dirac brackets the second-class constraints (i.e. all the constraints of the
d = 3 theory) disappear from the game, and we can use the 3-form Hamiltonian
H = ωae ω
eb V cεabc +
i
2
ψ¯ωabγabψ +
i
λ
ψ¯V aγaψ +
1
3λ2
V aV bV cεabc (3.34)
The nonvanishing Dirac brackets between the basic fields and their momenta are
given by:
{V a, ωbc}∗ = −1
2
abc, {ωab, picd}∗ = δabcd , {ψ¯α, piβ}∗ =
1
2
δβα (3.35)
{ψ¯α, ψβ}∗ = 1
4i
δβα, {ψα, ψβ}∗ = −
1
4i
δβα, {piα, piβ}∗ = −iCαβ (3.36)
The Hamilton equations expressed via the Dirac bracket become:
dV a = {V a, H}∗ = ωabV b +
i
2
ψ¯γaψ ⇒ Ra = 0 (3.37)
dωab = {ωab, H}∗ = ω [ae ωb]e −
i
2λ
ψ¯γabψ +
1
λ2
V aV b ⇒ Rab = 0
dψ = {ψ,H}∗ = 1
4
ωabγabψ +
1
2λ
V aγaψ ⇒ Σ = 0 (3.38)
i.e. the field equations of d = 3 AdS supergravity. For the “evolution” of the
momenta we find:
dpia = {pia, H}∗ = 0 ⇔ dΦa = 0 (3.39)
dpiab = {piab, H}∗ = abcωcdV d −
i
2
ψ¯γabψ ⇔ dΦab = 0 (3.40)
dpi = {pi,H}∗ = i
2
ωabγabψ +
i
λ
V aγaψ ⇔ dΦ = 0 (3.41)
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where in the second line we used the identity
ω d[a bc]d = 0 (3.42)
The momenta evolutions re-express the fact that the constraints are conserved, or
equivalently that the exterior derivative of the momenta is in agreement with their
expression given by the second-class constraints.
Note: as observed after eq. (3.25), the field equations fix all the undetermined
velocities dV a, dωab and dψ. On the other hand, using Dirac brackets really amounts
to substitute these “velocities” with their expressions in terms of canonical variables
given in (3.25), so that eq.s (3.39)-(3.41) can be obtained from (3.19)-(3.21) by
setting Rab = 0, Σ = 0.
3.4 Canonical gauge generators
Now we apply our procedure to find the canonical generators for Lorentz transfor-
mations, gauge translations and supersymmetry.
3.4.1 Lorentz gauge rotations
We start from the first class 1-forms piab. They are first class in the since they have
vanishing Dirac brackets with all the constraints. Actually the constraints being
all second class, they have been effectively eliminated from the theory by the use
of Dirac brackets. We take these 1-forms piab as the (d − 2)-forms F in eq. (2.40),
and find the (d− 1)-forms G that complete the gauge generator:
Gab = {H,Fab}∗ = {H, piab}∗ = 2ωc[aV db]cd −
i
2
ψ¯γabψ (3.43)
Next we have to check that {H,Gab} = 0. Notice that here it is useless to add to
Gab any combination of constraints, since second-class constraints have no effect in
a generator when using Dirac brackets. So {H,Gab}∗ = 0 must hold with the Gab
as given in (3.43), and indeed this is the case, as one can check with a little algebra.
Thus
G = dεabFab + ε
abGab = dε
abpiab + ε
ab(2ωc[aV
db]cd − i
2
ψ¯γabψ) (3.44)
generates gauge transformations via the Dirac bracket. Using the (second-class)
constraint piab = abcV
c in the second term of the generator yields
G = dεabpiab + 2ε
abωc[apib]c −
i
2
εabψ¯γabψ = (Dεab)piab − i
2
εabψ¯γabψ (3.45)
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It generates local Lorentz transformations with parameter ab(x), since
δV a = {V a,G}∗ = 2{ω[b d, V a}∗εc]dpibc = εabV b (3.46)
δωab = {ωab,G}∗ = Dεab (3.47)
δψ = {ψ,G}∗ = {ψ,− i
2
ψ¯γabψ}∗εab = 1
4
εabγabψ (3.48)
δpia = {pia,G}∗ = 0 (3.49)
δpiab = {piab,G}∗ = {abcV c,G}∗ = εc[apib]c (3.50)
δpi = {pi,G}∗ = εab{pi,− i
2
ψ¯γabψ}∗ = 1
4
εabγabpi (3.51)
Note that δpia = 0 since G has no effect on second class constraints.
3.4.2 Gauge translations
The procedure of the preceding paragraph can be started with any 1-form: indeed
here any 1-form has vanishing Dirac brackets with the constraints. We choose Fa
to be abcω
bc, since this 1-form is conjugated to V a, and therefore a good candidate
to multiply the dεa term in the generator of the gauge translations. Then Ga is
found in the usual way:
Ga = {H,Fa}∗ = abc(ωbdωdc −
i
2λ
ψ¯γbcψ +
1
λ2
V bV c) (3.52)
We have now to check that the second condition in (2.40) is satisfied, i.e. that
{H,Ga}∗ = 0. This condition gives rise to four structures: ωωω, ωωV , ψψω and
ψψV . By explicit computation one can verify that the coefficients of these four
terms are all zero (the ωωω term was shown to vanish in ref. [1]).
Therefore
G = dεaFa + ε
aGa = (Dεa)εabcωbc + εaεabc(− i
2λ
ψ¯γbcψ +
1
λ2
V bV c) (3.53)
generates a symmetry. Its action on the basic fields is given by:
δV a = {V a,G}∗ = Dεa (3.54)
δωab = {ωab,G}∗ = 1
λ2
(εaV b − εbV a) (3.55)
δψ = {ψ,G}∗ = 1
2λ
εaγaψ (3.56)
δpia = {pia,G}∗ = 0 (3.57)
δpiab = {piab,G}∗ = abcDεc (3.58)
δpi = {pi,G}∗ = i
λ
εaγaψ =
1
2λ
εaγapi (3.59)
(3.60)
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and reproduces the gauge translations contained in the variations (3.5)-(3.7). This
infinitesimal transformation clearly differs from the diffeomorphisms transformation
in (3.8)-(3.10), even in second order formalism (i.e. on the “partial shell” Ra = 0).
Thus G does not generate the bona fide infinitesimal diffeomorphisms one obtains
acting with the Lie derivative.
3.4.3 Gauge supersymmetry
Another first-class 1-form is the fermionic momentum pi. Taking 2pi as candidate
F for a supersymmetry generator of the form G = d¯F + ¯G, we must have
G = 2{H, pi}∗ = iωabγabψ + 2i
λ
V aγaψ (3.61)
and check that {H,G} = 0. This FPB yields two structures, ωωψ and ωV ψ, and
both have vanishing coefficient, as an explicit computation can verify. Therefore
the canonical generator of gauge supersymmetry is:
G = 2d¯ pi + i¯ ωabγabψ +
2i
λ
¯ V aγaψ = 2D¯ pi + 2i
λ
¯ V aγaψ (3.62)
where we used pi = 2iψ in the last equality.
The gauge supersymmetry variations are
δV a = {V a,G}∗ = {V a, i¯ ωcdγcdψ}∗ = i¯ γaψ (3.63)
δωab = {ωab,G}∗ = 2{ωab, i
λ
¯ V aγaψ}∗ = − i
λ
¯ γabψ (3.64)
δψ = {ψ,G}∗ = 2{ψ,D¯ pi}∗ = D− 1
2λ
V aγa (3.65)
δpia = {pia,G}∗ = 0 (3.66)
δpiab = {piab,G}∗ = {V cεabc,G}∗ = −i¯ γabψ (3.67)
δpi = {pi,G}∗ = {2iψ,G}∗ = 2iD− i
λ
V aγa (3.68)
and coincide (on the fundamental fields) with those contained in (3.5)-(3.7). Here
we have found also the gauge supersymmetry variations of the momenta.
4 N = 1 supergravity in d = 4, new minimal model
4.1 Lagrangian
The theory was first constructed in ref. [25], and recast in the group manifold
formalism in ref. [26].
The basic fields are the vierbein V a, the spin connection ωab, the (Majorana)
gravitino ψ, and the auxiliary fields A (1-form) and T (2-form). The 12 bosonic
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off-shell degrees of freedom (6 for V a, 3 for A and 3 for T ) are balanced by the
12 fermionic degrees of freedom for the Majorana gravitino ψ. The curvatures are
defined as:
Rab = dωab − ωac ωcb (4.1)
Ra = dV a − ωab V b −
i
2
ψ¯γaψ ≡ DV a − i
2
ψ¯γaψ (4.2)
ρ = dψ − 1
4
ωabγabψ − i
2
γ5ψA ≡ Dψ − i
2
γ5ψA (4.3)
R = dA (4.4)
R⊗ = dT − i
2
ψ¯γaψ V
a (4.5)
Taking exterior derivatives of both sides yields the Bianchi identities:
DRab = 0 (4.6)
DRa +Rab V b − i ψ¯γaρ = 0 (4.7)
Dρ+ 1
2
γ5ρA+
1
4
Rabγab ψ − i
2
γ5ψR = 0 (4.8)
dR = 0 (4.9)
dR⊗ − i ψ¯γaρV a + i
2
ψ¯γaψ R
a = 0 (4.10)
The Einstein-Hilbert action is
S =
∫
M4
RabV cV dabcd + 4ψ¯γ5γaρV
a − 4R T (4.11)
4.2 Field equations
Varying ωab, V a, ψ, A, and T in the action (4.11) leads to the equations of motion:
2abcdR
cV d = 0 ⇒ Ra = 0 (4.12)
2RbcV dabcd − 4ψ¯γ5γaρ = 0 (4.13)
8γ5γaρV
a − 4γ5γaψRa = 0 (4.14)
R⊗ = 0 (4.15)
R = 0 (4.16)
(4.17)
4.3 Symmetries
The action is invariant under diffeomorphisms (with parameter εa), supersymmetry
(), Lorentz rotations (εab), U(1) gauged by A (parameter η) and an abelian sym-
metry gauged by the two-form T (1-form parameter µ). The symmetry variations
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are:
δV a = Dεa + 2RabcεbV c + εabV b − iψ¯γa (4.18)
δωab = Dεab + 2RabcdεcV d − θ¯abcψεc + θ¯abcV c + 3iεabcd ψ¯γc (4.19)
δψ = D+ i
2
A+
3i
4
γ5faV
a − 3i
2
γ5γabV
af b +
1
4
γabεabψ + (4.20)
+ 2ρabε
aV b − 3i
4
γ5ψfaε
a +
3i
2
γ5γabψε
af b − i
2
γ5ψη (4.21)
δT = dµ− iψ¯γa+ i
2
εaψ¯γaψ + 3f
aεbV cV dεabcd (4.22)
δA = dη + 2Fabε
aV b − ψ¯χaεa + ¯χaV a + 9i
2
¯γaψf
a (4.23)
with fa defined as R
⊗ = faV bV cV dεabcd, and
θ¯abc ≡ 2iρ¯ [ac γb] − iρ¯abγc (4.24)
χa ≡ 2(γ5γbρab + i
8
εabcdγ
bρcd) (4.25)
These symmetries close off-shell, thanks to the auxiliary fields.
4.4 Form hamiltonian and constraints
The 2-form momenta conjugate to V a, ωab, ψ and A, and the 1-form momentum
conjugate to the 2-form T are respectively2 :
pia =
∂L
∂(dV a)
= 0 (4.26)
piab =
∂L
∂(dωab)
= V cV dεabcd (4.27)
pi =
∂L
∂(dψ¯)
= 4γ5γaψV
a (4.28)
pi(A) =
∂L
∂(dA)
= −4T (4.29)
pi(T ) =
∂L
∂(dT )
= 0 (4.30)
All momenta definitions are primary constraints:
Φa ≡ pia, Φab ≡ piab − V cV dεabcd, Φ ≡ pi − 4γ5γaψV a (4.31)
Φ(A) ≡ pi(A) + 4T, Φ(T ) ≡ pi(T ) (4.32)
The form Hamiltonian is:
H = dV a pia + dω
ab piab + dψ¯ pi + dA pi(A) + dT pi(T )
− dωab V cV dεabcd + ωae ωeb V cV dεabcd + 4dψ¯γ5γaψV a
− 2iψ¯γaψAV a − iψ¯γdωbcV aεabcd + 4(dA)T (4.33)
2unless stated otherwise, all partial derivatives act from the left in the following.
16
or, using the definition of the constraints:
H = dV a Φa + dω
ab Φab + dψ¯ Φ + dA Φ(A) + dT Φ(T )
+ ωae ω
eb V cV dεabcd − 2iψ¯γaψAV a − iψ¯γdωbcV aεabcd (4.34)
The Hamilton equations giving dV a, dωab, dψ, dA and dT are identities, so these
“velocities” are undetermined at this stage. The Hamilton equations for the mo-
menta read:
dpia = {pia, H} = −2RbcV dabcd + 4ψ¯γ5γaρ (4.35)
dpiab = {piab, H} = 2ωc[aV dV eb]cde + iψ¯γcψV dεabcd (4.36)
dpi = {pi,H} = −4γ5γadψV a − 4iγaψAV a − 2iγdψωbcV aεabcd (4.37)
dpi(A) = {pi(A), H} = −2iψ¯γaψV a (4.38)
dpi(T ) = {pi(T ), H} = −4dA (4.39)
Requiring the “conservation” of the constraints leads to the conditions:
0 = dΦa = {Φa, H} = −2Rbc V dεabcd + 4ψ¯γ5γaρ (4.40)
0 = dΦab = {Φab, H} = −2Rc V dεabcd (4.41)
0 = dΦ = {Φ, H} = −8γ5γaρV a + 4γ5γaψRa (4.42)
0 = dΦ(A) = {Φ(A), H} = 4R⊗ (4.43)
0 = dΦ(T ) = {Φ(T ), H} = −4dA (4.44)
that reproduce the field equations of the theory. Note that these conditions fix the
velocities dV a, dA and dT in terms of the canonical variables:
dV a = ωabV
b, dA = 0, dT =
i
2
ψ¯γaψV a (4.45)
while dωab and dψ are constrained to satisfy the Einstein and Rarita-Schwinger field
equations.
Using the form Poisson bracket we find the constraint algebra:
{Φa,Φbc} = −2εabcdV d, {Φa,Φ} = 4γ5γaψ, (4.46)
{Φα,Φβ} = 8(γ5γaC−1)αβV a, {Φ(A),Φ(T )} = 4 (4.47)
all other PFB between constraints vanishing. Thus the constraints are not all first-
class. This is consistent with the fact that some of the undetermined “velocities”
get fixed by requiring conservation of the primary constraints. Classical references
on constrained hamiltonian systems are given in [28, 29, 30].
4.5 Dirac brackets
We can eliminate the second-class constraints Φ(A),Φ(T ) by using the Dirac brack-
ets defined as:
{A,B}∗ ≡ {A,B}+ 1
4
{A,Φ(A)}{Φ(T ), B} − 1
4
{A,Φ(T )}{Φ(A), B} (4.48)
and satisfy the relations (2.20)-(2.24) with d = 4. With the above definition
{Φ(A), anything}∗ = {Φ(T ), anything}∗ = 0.
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4.6 Canonical gauge generators
4.6.1 Lorentz gauge transformations
We start from the first class 2-forms piab, having vanishing Dirac brackets with all
the constraints, and take them as the (d − 2)-forms F in eq. (2.40). To find the
corresponding (d − 1)-forms Gab that complete the gauge generator one uses the
first condition in (2.40), yielding Gab as the Dirac bracket of H with Fab, up to
constraints. Since
{H, piab}∗ = 2ωe[aV cV db]ecd + iψ¯γcψV dεabcd (4.49)
we find that
Gab = 2ω
e
[aV
cV db]ecd + iψ¯γ
cψV dεabcd + α
c
ab Φc + β
cd
ab Φcd + ξabΦ + Φζab (4.50)
where αcab, β
cd
ab , ξab and ζab are 1-form coefficients to be determined by the second
condition in (2.40), i.e. weak vanishing of the Dirac bracket between H and Gab.
This yields
αcab = δ
c
[aVb], β
cd
ab = 2ω
c
[a δ
d
b], ξ = −
1
8
ψ¯γab, ζab =
1
8
γabψ (4.51)
so that Gab becomes:
Gab = 2ω
c
[apib]c − V[apib] −
1
4
ψ¯γabpi (4.52)
It is easy to check that this Gab has weakly vanishing Dirac brackets with the
constraints Φa, Φab, Φ and is therefore a first-class 3-form.
We have thus constructed the gauge generator
G = εabGab + dε
abFab = ε
ab(2ωcapibc − Vapib −
1
4
ψ¯γabpi) + (dε
ab)piab
= Dεabpiab − εabVapib − 1
4
ψ¯γabpi (4.53)
It generates the Lorentz gauge rotations on all canonical variables. Indeed
δV a = {V a,G}∗ = εabV b, δωab = {ωab,G}∗ = Dεab, δψ = {ψ,G}∗ =
1
4
εabγabψ
δpia = {pia,G}∗ = ε ba pib, δpiab = {piab,G}∗ = εc[apib]c, δpi = {pi,G}∗ =
1
4
εabγabpi
(4.54)
and satisfies all the conditions to be a symmetry generator of the action.
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4.6.2 U(1) transformations
Another first-class 2-form is pi(A), or equivalently T , since using the Dirac brackets
we can use the second-class constraint pi(A) + 4T = 0 as a strong equality. Starting
the procedure for constructing the gauge generator yields
G = {H, pi(A)}∗ + constraints (4.55)
where the part proportional to constraints is determined by requiring
{G,H}∗ ≈ 0 (4.56)
Using
{H, pi(A)}∗ = −2ψ¯γaψV a (4.57)
one finds for G:
G = −2iψ¯γaψV a + i
2
ψ¯γ5Φ =
i
2
ψ¯γ5pi (4.58)
and it is easy to verify that G has vanishing Dirac bracket with all the constraints
(i.e. with φa, φab and φ, the constraints φ(A) and φ(T ) having strongly vanishing
Dirac brackets with anything) . Then the generator
G = dη pi(A) + η
i
2
γ5pi (4.59)
satisfies all conditions to be a gauge generator. Its action is nontrivial only on the
fields ψ and A, and on the momenta pi:
δψ = {ψ,G} = − i
2
ηγ5ψ (4.60)
δA = {A,G} = dη (4.61)
δpi = {pi,G} = − i
2
ηγ5pi (4.62)
and reproduce on ψ and A the U(1) transfornations contained in eq.s (4.18)-(4.23).
In addition we find here also the U(1) transformations on the momenta conjugate
to ψ. Not surprisingly, these momenta have the same U(1) charge as the gravitino.
4.6.3 Transformation with 1-form parameter
Finally, there is the first-class 1-form pi(T ) that one can use to find a symmetry
generator with a 1-form parameter, according to the discussion in Section 2. The
procedure here is immediate, since {H, pi(T )}∗ = 0, and therefore
G = dµ pi(T ) (4.63)
generates the transformation on the 2-form auxiliary field T :
δT = dµ{T,G}∗ = dµ (4.64)
contained in the symmetry variations given in (4.18)-(4.23).
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5 Conclusions
We have presented the covariant hamiltonian treatment of geometric theories con-
taining bosonic and fermionic p-forms, and applied it to supergravity in d = 3 and
d = 4. Using form language, besides built-in Lorentz covariance (no time direc-
tion singled out) and invariance under diffeomorphisms, a further bonus is given
by a considerable simplification in the analysis: for contrast one can compare it
with the canonical treatment of first order tetrad gravity in ref. [31]. Our formu-
lation allows also an algorithmic procedure to find all gauge symmetry generators
of the theory, including generators with p-form parameters, appearing in the gauge
transformations of (p+ 1)-form gauge fields.
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A γ matrices in d = 2 + 1
γ0 =
(
i 0
0 −i
)
, γ1 =
(
0 1
1 0
)
, γ2 =
(
0 −i
i 0
)
(A.1)
ηab = (−1, 1, 1), {γa, γb} = 2ηab, [γa, γb] = 2γab = −2εabcγc, (A.2)
ε012 = −ε012 = 1, (A.3)
γ†a = γ0γaγ0, γ
T
a = −CγaC−1, CT = −C, C2 = 1 (A.4)
A.1 Useful identities
γaγb = γab + ηab = −εabcγc + ηab (A.5)
γabγc = ηbcγa − ηacγb − εabc (A.6)
γcγab = ηacγb − ηbcγa − εabc (A.7)
γaγbγc = ηabγc + ηbcγa − ηacγb − εabc (A.8)
γabγcd = −4δ[a[cγb]d] − 2δabcd (A.9)
where δabcd =
1
2
(δac δ
b
d − δadδbc), and index antisymmetrizations in square brackets have
weight 1.
A.2 Fierz identity for two Majorana one-forms
ψψ¯ =
1
2
(ψ¯γaψ)γa (A.10)
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As a consequence
γaψψ¯γ
aψ = 0 (A.11)
B γ matrices in d = 3 + 1
ηab = (1,−1,−1,−1), {γa, γb} = 2ηab, [γa, γb] = 2γab, (B.1)
γ5 ≡ −iγ0γ1γ2γ3, γ5γ5 = 1, ε0123 = −ε0123 = 1, (B.2)
γ†a = γ0γaγ0, γ
†
5 = γ5 (B.3)
γTa = −CγaC−1, γT5 = Cγ5C−1, C2 = −1, CT = −C (B.4)
B.1 Useful identities
γaγb = γab + ηab (B.5)
γabγ5 = − i
2
abcdγ
cd (B.6)
γabγc = ηbcγa − ηacγb + iεabcdγ5γd (B.7)
γcγab = ηacγb − ηbcγa + iεabcdγ5γd (B.8)
γaγbγc = ηabγc + ηbcγa − ηacγb + iεabcdγ5γd (B.9)
γabγcd = iε
ab
cdγ5 − 4δ[a[cγb]d] − 2δabcd (B.10)
B.2 Charge conjugation and Majorana condition
Dirac conjugate ψ¯ ≡ ψ†γ0 (B.11)
Charge conjugate spinor ψc = C(ψ¯)T (B.12)
Majorana spinor ψc = ψ ⇒ ψ¯ = ψTC (B.13)
B.3 Fierz identity for two spinor one-forms
ψχ¯ =
1
4
[(χ¯ψ)1 + (χ¯γ5ψ)γ5 + (χ¯γ
aψ)γa + (χ¯γ
aγ5ψ)γaγ5 − 1
2
(χ¯γabψ)γab] (B.14)
B.4 Fierz identity for two Majorana spinor one-forms
ψψ¯ =
1
4
[(ψ¯γaψ)γa − 1
2
(ψ¯γabψ)γab] (B.15)
As a consequence
γaψψ¯γ
aψ = 0, ψψ¯γaψ − γbψψ¯γabψ = 0 (B.16)
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